
T H E  E S T A B L I S H E D  M O T I O N  O F  A V I S C O P L A S T I C  
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S E C T O R  B O U N D E D  BY T W O  S I D E S  

A. D.  C h e r n y s h o v  

M E D I  UM 

Usually the proper t ies  of viseoplast ic  media are studied using a cyl indrical  v i scos imete r .  There  is 
an e r r o r  in s imi la r  measurements  because of the effect of the bottom. Below we consider  the flow of a 
medium in a conical rotating v i scos ime te r  which does not have this disadvantage. We obtain equations for 
the physical  cha rac t e r i s t i c s  of the mater ia l  even if the viscous proper t ies  of the mater ia l  are nonlinear.  

In the second problem we consider  the flow of a viscoplast ic  medium inside a sec tor  bounded by two 
sides,  the boundaries of which are  rotat ing slowly and monotonically.  It is proved that the re  are  no rigid 
domains in this flow. This resul t  can be used in cer tain industrial  p rocesses .  Thus, in the pouring of a 
viscoplast ic  polymer  into a mold it is frequently neces sa ry  that the polymer  should occupy the whole volume 
of the mold. This is difficult to achieve if the mold has r e c e s s e s .  As the polymer  fills the mold, a rigid 
domain is formed near  an edge, and this acts  as a "bottleneck" and prevents  the mass  flowing into the cor -  
ner .  If the boundary of the mold can be made movable, the bottleneck is broken. To a large extent this helps 
to fill the region at the bottom of the corner  with the mass .  

In both problems the motion is assumed to be quasis ta t ionary,  and the effect of t empera tu re  and iner -  
t ia forces  is ignored. 

1. A rheological  model of an incompress ib le  viscoplast ic  medium is shown in Fig. 1, where the ele-  
ments of the  viscosi ty  V and the plastici ty P are  combined in parallel .  Let s,.V and s..P denote the s t r e s s  
t ensors  of these elements We can write the condition for plasticity with yiell~ point 1j k i in the Mises form:  

si~ (s~ - -  ~/~s~6~j) = 2kl ~ (1.t) 

The associat ive law of the flow yields an equation defining the element P in the form [1] 

sip ] / ~ k l I  -lelj 1 p ~ O, = 1]2 (vi,j t- vj,i) (1o2) ---- -}- /3s~blj, [I~ 2 : S~es~e e~j 

where v 1 is the velocity of the par t ic les  of the medium. We can write the equation for an element of the 
viscosi ty  in the fo rm 

V ? 
slj = 2~1 (I2) e~j =i ~/~s~6~j (1.3) 

The relat ion between the viscosi ty  coefficient ~? and the invariant 12 must  be such that the second law 
of thermodynamics  holds 

s~e~j = 212~q (I~) ~ 0, or ~1 (I~) ~ 0 (1.4) 

In addition to this inequality, the v iscos i ty  coefficient must  sat isfy the equation 

lim I~ ~ ~1 (I2) = 0 (I 2 -+0) (1.5) 

This condition implies that the ra te  of dissipation of energy in the medium due to its viscous p roper -  
t ies  tends to zero as the ra te  of deformation tends to zero.  
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Fig.  I Fig.  2 

The  s t r e s s e s  crij in the cont inuous med ium a re  
the s u m s  of  the s t r e s s e s  on the e l ement s  of  v i s c o s i t y  
and p las t i c i ty .  F r o m  this  we obtain the  equation defy 
ining the  v i s c o p t a s t i c  m e d i u m  with non l inea r  v i s c o s -  
ity 

6~j = [ ~ 2 k ~ I ~  -~ q- 2~1 (I~)1 e~j - -  pb~j (1.6) 

where  p is the hyd ros t a t i c  p r e s s u r e .  

2. Le t  us c o n s i d e r  the flow of  a v i s cop l a s t i c  
m e d i u m  between two coaxia l  cones  (Fig. 2). The  m e -  

d ium fi l ls  the  space  between the cones .  T he  f r e e  s u r f a c e  of  the  m e d i u m  is  a s s u m e d  to be  s p h e r i c a l  with 
r a d i u s  r 0. T h e  inne r  c o r e ,  with s e m i a p e x  angle  01,rotates  with cons tan t  angu la r  ve loc i ty  w 0 and the ou te r  
cone,  with s e m i a p e x  angle 02,does not  move .  Th i s  model  is ca l led  a conica l  v i s c o s i m e t e r .  We shal l  d i s -  
c u s s  the p r o b l e m  in a s p h e r i c a l  coo rd ina t e  s y s t e m  (r, ~,  ~Y). 

We a s s u m e  tha t  the  ve loc i ty  f ie ld  has  the  f o r m  

v 1 ----- v 2 ----- 0 v 3 ----- rco (~p) s i n  ~ ( 2 . 1 )  

This  impl ies  tha t  e v e r y  p a r t i c l e  m o v e s  in a c i r c l e  of  r ad ius  r sin q about the  axis  of the cones  with 
cons tan t  angu la r  velOcity ~o(q). T h e r e  is only one n o n z e r o  componen t  of  the r a t e  of  de fo rmat ion  

t do~ 1 i sinq~ = I~ (2.2) 

The  sign of  y depends  on the d i rec t ion  of  ro ta t ion  of  the inner  cone;  hence ,  f o r  the sake  of  def in i te -  
n e s s ,  we shal l  a s s u m e  tha t  y is of  pos i t ive  s ign.  We can wr i t e  the equat ions  of  equ i l ib r ium in the s p h e r i c a l  
coo rd ina t e  s y s t e m  in the fol lowing f o r m  fo r  the given p r o b l e m :  

Op _. c3p dz 
- b T - . - ~ - = 0 ,  ~ -~q-2~c tgcp=0 ,  ~ = % ~  (2.3) 

If  we i n t eg ra t e  t he se  equat ions ,  we obtain 

p = c0, �9 = cl / sing q~ (2.4) 

F r o m  (1.6), (2o2), and (2.4), we de r ive  the  d i f fe ren t ia l  equat ion 

el cl k (2.5) 
~1 (Y) Y -,'~ k = ~ ,  or F (r sin q~) ~ sin~ r 

F (7) = ~1 (7) 7, k = k~ sign 7 (2.6) 

The  cons tan t  of  in tegra t ion  c o is d e t e r m i n e d  a f te r  spec i fy ing  the p r e s s u r e  at s o m e  point  in the domain  
of  the  f low. T h e  quant i ty  c 1 and the  o the r  cons tan t  of  in tegra t ion  of  (2.5) a r e  d e t e r m i n e d  f r o m  the  two bound-  

a ry  condi t ions  

co = ~0o for ~ = 01, r = 0 for ~ = 02 (2.7) 

o r  

co =r  for 7 = 0 ~ ,  co = o ~ '  = 0  for q ~ = 0 *  (2.8) 

The  boundary  condi t ions  (2.7) a r e  used  if  the  whole m e d i u m  between the cones  is involved in the m o -  
tion, while (2.8) is used  if only p a r t  of  the  m e d i u m  adjacent  to the  inne r  c o r e  t akes  p a r t  in the mot ion .  In 

the l a t t e r  c a s e  we m u s t  have 

O* ~ 02 ( 2 . 9 )  

We a s s u m e  tha t  the  y i e ld  point  and the  r e l a t ion  between the  v i s c o s i t y  coef f i c i en t  and the  r a t e  o f  de -  
f o rma t ion  a r e  unknown and have  to  be  d e t e r m i n e d .  We can show that  this  can be  done using an e x p e r i m e n t  
with a c o n i c a l  v i s c o s i m e t e r .  We note  tha t  the de t e rmina t ion  of  the function ~?(T) is equivalent  to the d e t e r m i n -  

a t ion of the  funct ion F(y) .  

F r o m  o b s e r v a t i o n  on the  mot ion  of  p a r t i c l e s  of  the  m e d i u m  at the  f r e e  s u r f a c e  we can find the f o r m  

of  the  equat ion 
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= ~  (~) (2.10) 

Knowing co((p), we can eas i ly  d e t e r m i n e  the  funct ions  

= 7 ( ~ ) ,  ~ = ~ ( 7 )  

Subst i tut ing ~ = ~(~) into the  r igh t  s ide  of (2.8), we find 

(2.11) 

ci - -  k (2 .12 )  F (~') --  sin~ ~ (~) 

It r e m a i n s  to d e t e r m i n e  k and ci.  We a s s u m e  that  p a r t  of the domain  occup ied  by the m e d i u m  ad ja -  
cen t  to the inner  c o r e  is at r e s t .  Th i s  is poss ib le  if coo is sma l l .  At the f r e e  s u r f a c e  of  the m e d i u m  the 
boundary  of  the  reg ion  involved in the mot ion  is well o b s e r v e d  and the angle 0* is de t e rmined .  At the  s u r -  
f ace  of the cone with s e m i a p e x  angle 0* bounding the reg ion  of mot ion  of the med ium,  the  r a t e  of d e f o r m a -  
t ion v a n i s h e s  and so f r o m  (2.5) we obtain 

c 1 --~ k sin~0 * (2.13) 

We find the y ie ld  point k as fol lows.  If coo is ve ry  sma l l ,  but  not  ze ro ,  the r a t e  of  de fo rma t ion  is  a lso  
sma l l .  In this  c a s e  at the s u r f a c e  of the inner  cone the s t r e s s  is at the  y ie ld  point.  Th i s  al lows us to ex-  
p r e s s  the y ie ld  point  in t e r m s  of  the to r iona l  m o m e n t  M 0 which m u s t  be applied to the inner  cone  in o r d e r  
to m o v e  it f r o m  its  pos i t ion  

k = 3M0 I 2n ra s sin ~ 01 (2.14) 

Subst i tut ing (2.13) and (2.14) into (2.12), we can obtain equat ions  fo r  F(7) and ~ (7). 

If we a l r ea dy  know the f o r m  of the funct ion F(7), for  example ,  

F (7) -- ~107 ~ (2.15) 

the  p r o b l e m  of d e t e r m i n i n g  the non l inea r  r e l a t ion  between the v i s c o s i t y  coef f ic ien t  and the  r a t e  of  d e f o r m a -  
tion is c o n s i d e r a b l y  s impl i f ied .  In the c a s e  of (2.15) this  p r o b l e m  can be r e d u c e d  to the de t e rmina t ion  of 
the coef f i c i en t  ~0 and the exponent  m. 

To d e t e r m i n e  170 and m we subs t i tu te  (2.15) into (2.5)~ As a r e su l t  we obtain the d i f fe ren t ia l  equation 

F r o m  this  we have 

cl  k i i  / ra 
~--~- sin ~ --~ ( ~10 s]-~ ( p ~0] 

( 9 ) = (  t cl k ~ l / ~ .  
(2.16) 0) 

o 
91 

This  in t eg ra l  can be compu ted  expl ic i t ly  if 1 / m  is an in teger .  If we a r e  us ing the boundary  condi t ions  
(2.8) the cons tan t  c 1 is found f r o m  (2,13) and the angle 0* m u s t  sa t i s fy  the equation 

9* 
I I '~ k "I/m ~ I" cl 

, n0sin'(p ~ )  d~+~176 (2.17) 
01 

After  comput ing  0* f r o m  (2.17), we find r/0 f r o m  
0* 

coo sin~ ~ sin2(p k) lira d~ (2.18) 
01 

The exponent  m is d e t e r m i n e d  if we compu te  the  angular  ve loc i ty  co at s o m e  i n t e r m e d i a t e  point  be -  
t-ween the cones  and use  (2.16). 

If  coo is l a rge ,  so tha t  (2.9) does not  hold, then, by (2.7), c 1 is d e t e r m i n e d  by the equation 

03 

",lo sin~ (P ,10 d~ 4- (0o = 0 (2.19) 
0t 
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For  a l inear  viscosi ty  law (m = 1), f rom (2.16) we find 

c l - - 2 k  ln(t,g ,-~- / tg-~) cl (costp eos01~ 
(o - -  2n ~ --  ~ \s-~n~ ~ / - i "  O)o (2.20) 

3. Suppose a medium filling the open sec tor  bounded by two sides with angle 20 moves with velocity 
co due to a slow monotonic change in the angle 0. There  is no flow of the medium in the direction of the edge 
of the sec tor .  We shall d iscuss  this problem in a cylindrical  coordinate sys tem x 1 = r,  x 2 = ~v, x 3 = z. 

The incompressibi l i ty  condition is 

0~)1 Vl i av~ = 0 ( 3 . 1 )  
O~ g - - V - k - Y "  O----~ 

It follows f rom (3.1) that there  is a potential @ (r, ~) such that 

l)  1 = - - - -  
t Oq) 0(I) ( 3 . 2 )  
r cOq) ' V2"~--  ~ "  Or 

We seek the solution of the problem in the fo rm 

(1) (r, (p) = r2/  (e~), vx = r f  , v 2 = - 2 r 1  

The nonzero  components of the ra te  of deformation are  

811 : --~'22 : ,,~"' ~12 = I/t ){" 

(3.3) 

(3.4) 

For  the nonzero s t r e s s  components we have, f rom (1.6) and (3.4), 

qlx = 2~]' ~-p (r, qD), 0.2~ -= --2~]' + p ,  0"12 = ~) t -  (3.5) 
2fJ = 1/ '2kI2 -1 -4- 2.1 (I~) 

In (3.5) only p depends on the two coordinates  r and q~; the remaining var iables  depend only on r We 
can write the function p(r, q) in the fo rm 

p = p0 In r q-Px ((P) (3.6) 

We have to substitute (3.5) and (3.6) in the equil ibrium equation 

Or -~ r O T  + - - - - ; - -  - -  0 , Or t r O ~  -i- r ----0 (3.7) 

After substituting (3.5) into (3.7) we obtain two differential equations for  pl(~o) and f(q~) 

Pl' = 2•'/', 2Id9o q- (f" q- 4f') [2I~p + (f ')~dfJ / dI~] = 0 (3.8) 

Because the medium adheres  to the moving boundaries,  the solution of equations (3.8) has to sat isfy 
the four boundary conditions 

]' = 0 ,  ] =  ~__co for q~-- ~___0 (3.9) 

If the moving boundaries are  sl ippery,  then, f rom the absence of slip and the condition that the medi-  
um does not flow ac ross  the boundary we find the boundary conditions 

f '  -- 0, / = ~to for r -= i 0  (3.10) 

In both problems the flow of the medium is symmet r i c  about the b isector  of the angle. F r o m  the sym-  
met ry  of the flow of the medium and the expression (3.3) for the velocity it follows that the function f(~v) is 
an t i symmetr ic .  In this connection the boundary conditions (3.9) and (3.10) can be simplified and reduced to 
the following fo rms  

/ '  = 0 ,  / = c 0  for 9 = 0  (3.11) 

/ " = 0 ,  / = c 0  for ~-----0 (3.12) 

The general  an t i symmetr ic  solution f(~0) of the f i rs t  equation of (3.8) depends on one a rb i t r a ry  con- 
stant of integration and the unknown constant P0, which are  determined f rom the two boundary conditions 
(3.11) o r  (3.12). Obviously 
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/ - - - - f ' - - - - 0  for (p----0 (3.13) 

ThiS i m p l i e s  tha t  t he  b i s e c t o r  of  the  ang le  can  be  a s s u m e d  to be  a f i xed  b o u n d a r y  at  which t h e r e  i s  no  
adhes ion .  T h u s ,  the  so lu t ion  of  the  p r o b l e m  with the  b o u n d a r y  c o n d i t i o n s  (3.11) is  at  the  s a m e  t i m e  the  s o -  

lu t ion  of t he  p r o b l e m  of the  f low of a m e d i u m  in a s e c t o r  bounded  by two s i d e s  f o r m i n g  an a n g l e  0 when 
t h e r e  i s  no s l i p p i n g  a t  the  m o v i n g  b o u n d a r y .  I f  we c o n s i d e r  (3.12) and (3.13) t o g e t h e r ,  we f ind  t h a t  t h e  s o l u -  
t ion  of the  p r o b l e m  with the  b o u n d a r y  c o n d i t i o n s  (3.12) i s  a l so  t he  s o l u t i o n  of  the  s i m i l a r  p r o b i e m  of t he  f low 
of a m e d i u m  in a s e c t o r  bounded  by two s i d e s  f o r m i n g  an ang le  0 in which one  b o u n d a r y  is  m o v a b l e  and t h e  
o t h e r  f ixed .  By ana log  T with (3.13) we m u s t  h a v e f  ~ = 0 fo r  ga = 1./20 on the  b i s e c t o r  of  t he  ang le  0. We can  
con t inue  to b i s e c t  the  ang le ,  and each  t i m e  we m u s t  have  f "  = 0 on the  b i s e c t o r  of each  s e c t o r .  T h i s  l e a d s  
to t he  c o n c l u s i o n  tha t  t he  so lu t i on  of  the  p r o b l e m  with t he  b o u n d a r y  cond i t i ons  (3.12) m u s t  s a t i s f y  t he  
equa t ion  

f" = 0, / ----- (~) / 8) ~ (3.14) 

Subs t i t u t i ng  (3.14) in to  (3~ we f ind  tha t  

Po = - -2k  sign r - -  4 ((o / 8) ~l ( ~ c o 1 0 )  (3.15) 
Pl (q~) = const, o ~  = 3 (P0 In r -~ const) 

T h e  c o n s t a n t  is  d e t e r m i n e d  by  s p e c i f y i n g  the  p r e s s u r e  at  s o m e  poin t  of  the  d o m a i n  of the  flOWo As we 
s a w  f r o m  (3.14), t he  v e l o c i t y  f i e l d  d o e s  no t  d e p e n d  on the  v i s c o u s  and p l a s t i c  p r o p e r t i e s  of  t he  m e d i u m .  
T h e s e  p r o p e r t i e s  on ly  m a k e  a c o n t r i b u t i o n  to t h e  d i s t r i b u t i o n  of  the  s t r e s s  f i e l d  

(h~ - -  P = P --o22 ---- k sign (o -~ 2~ I (~f~o/01) , oI~ ----- 0 (3.16) 

We s h a l l  p r o v e  tha t ,  In t he  f low of  a m e d i u m  with v e l o c i t y  f i e ld  (3.3) s a t i s f y i n g  (3.8), t h e r e  i s  no r i g i d  
k e r n e l .  If  t h e r e  is  such  a k e r n e l ,  at  i t s  b o u n d a r y  the  fo l lowing  equa t i ons  m u s t  be  s a t i s f i e d :  

v~ = r (/ 'cos ~ § 2 / s in  ~) = u0 

vv=r( fs in~  --2/cos~) =0, e~=0 (3.17) 

w h e r e  u 0 i s  t h e  v e l o c i t y  of  mo t ion  of  t he  r i g i d  k e r n e l  p a r a l l e l  to the  ax i s  of  s y m m e t r y  - the  x a x i s .  S ince  u 0 
is i ndependen t  of r and go, f r o m  (3.17) we f ind the  c ond i t i ons  f o r  the  s u p p o s e d  b o u n d a r y  of  the  r i g i d  k e r n e l  

/ = f  = f " = 0  (3.18) 

We can  show tha t  (3.18) i m p l i e s  tha t  a l l  s u b s e q u e n t  d e r i v a t i v e s  o f f  v a n i s h .  In a p p r o a c h i n g  the  botLnd- 
a r y  of  t he  r i g i d  k e r n e l  f r o m  the  s i d e  of  t he  doma in  of  t he  f low,  we f ind  in t he  l i m i t  t ha t  

\ ],, ] - -  - ~  -~- 2tim ~- 21ira (3o19) 

I f f  m ~ 0 at  the  b o u n d a r y  of  the  r i g i d  k e r n e l ,  the  l i m i t  in (3.19) i s  1/2. T h e  e x p r e s s i o n  in b r a c k e t s  in 
the  s e c o n d  equa t ion  of  (3.8) i s  n o n z e r o  and so f m  = 0. D i f f e r e n t i a t i n g  (3.8) s u c c e s s i v e l y  s e v e r a l  t i m e s ,  we 
f ind  tha t  a l l  t he  d e r i v a t i v e s  of  f v a n i s h .  H e n c e  t h e  so lu t i on  m u s t  be  t r i v i a l ,  but  i t  does  no t  s a t i s f y  t h e  bound-  
a r y  cond i t i ons  (3.11) and (3.12). T h i s  c o n t r a d i c t i o n  p r o v e s  tha t  t h e r e  is  no r i g i d  k e r n e l .  

T h e  g e n e r a l  so lu t i on  of  equa t ion  (3.8) with t he  b o u n d a r y  c o n d i t i o n s  (3.11) has  n o t b e e n o b t a i n e d .  F o r t h e  

s p e c i a l  c a s e s  when 0 = 0~ = 1/4~ o r  02 = ~/~r, i f  we a s s u m e  tha t  12 = cons t ,  we f ind the  so lu t ion  of the  p r o b -  
l e m  (3.8), (3.11) in the  f o r m  

/ = a s i n 2 %  a = ( - - i )  ~+1 ( i - - - - i ,2)  

12= 2V~a[, ~ = k/4[a[ +~](I2) ,  p 0 = 0 ,  pl----const  

~ 1 - -  Pl ---- Pl  - -  ~22 = 4~a cos 2% (~1~ ---- - -4~a  sin 2~ 
(3.20) 

F o r  a v i s c o u s  f lu id ,  when k = 0 and ~ = ~0 = c o n s t ,  the  s o l u t i o n  o f  equa t ion  (3.8) with the  b o u n d a r y  con -  
d i t i ons  (3.11) has  t he  f o r m  

] ~  (o (2(p cos28 --  sin 2(p) 8~]o~) cos 28 In r -~ coast  (3.21) 
20 cos 20 --  sin 20 ~ P ---- sin 20 --  20 cos 20 
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In the flow of a viscous incompress ib le  fluid under considerat ion the velocity field is independent of 
the viscosi ty  coefficient.  As 0 ~ 0 the s t r e s s e s  and the velocity grow unboundedly. There  is a cr i t ical  
value of the angle 0* which is the least  positive root  of the t ranscendental  equation 20 = t a n 2 0 .  As 0 ~ 0 * -  
0, we must  have w > 0, so that p > 0 in the neighborhood of the origin. When 0 ~ 6* + 0, then, if we are  to 
have p > 0, we must  have w < 0. If these conditions do not hold, f rom (3.21) we find that for  any choice of 
of the constant there  can be found an r 0 such that for  r < r 0 the p res su re  becomes  negative. In the regions 
where the p r e s s u r e  becomes  negative there are  cavitational bubbles. In this connection the solution of(3.21) 
can only be used in the neighborhood of the origin defined by the inequality r << r 0. 

As the boundaries  of the sec to r  c lose (0 --~ 0), the s t r e s s e s  become infinite. But we can choose the 
function aJ(0) so that the s t r e s s e s  are  finite, when 0 ~ 0. F r o m  (3.21) f o r  small  0 we have 

p ---- 3%0-8~ (0) in r -k const (3.22) 

F rom (3.22) we find that for finite p we must  have 

dO / dt = co (0) ---- --aO s (3.23) 

where o~ is a coefficient of proport ionali ty.  Integrat ing (3.23), we obtain 

0 = (0o -~ + 2at)-'/~ (3.24) 

It follows f rom (3.24) that if the s t r e s s e s  are  to remain  finite it takes an infinite length of t ime to 
c lose the boundaries of the sec tor .  

The problem of the flow of a viscoplast ic  medium in a sec to r  parallel  to its edge was considered in 

[21. 
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